We study the origin of dark matter based on the ghost-free bigravity theory with twin matter fluids. The present cosmic acceleration can be explained by the existence of graviton mass, while dark matter is required in several cosmological situations [the galactic missing mass, the cosmic structure formation and the standard big-bang scenario (the cosmological nucleosynthesis vs the CMB observation)]. Assuming that the Compton wavelength of the massive graviton is shorter than a galactic scale, we show the bigravity theory can explain dark matter by twin matter fluid as well as the cosmic acceleration by tuning appropriate coupling constants.
I. INTRODUCTION
Whether a graviton has a mass or not is one of the most fundamental issues in physics. In general relativity (GR), it is well-known that the graviton is a massless spin-2 particle. However, Fierz and Pauli proposed a massive spin-2 particle theory, which is known as a unique ghost-free linear massive gravity theory [1] . The present experimental solid constraint on the graviton mass is m < 7.1 × 10
eV [2, 3] . Although a simple non-linear extension of the Fierz-Pauli massive gravity theory contains instabilities called the Boulware-Deser ghost [4] , it was shown that the special choice of the interaction term can exclude such a ghost state by de Rham et al [5, 6] . However, this theory cannot describe the flat Friedmann universe, if the fictitious metric for the Stückelberg field is Minkowski's one. One may consider an inhomogeneous metric or extend it to de Sitter metric. When we discuss an curved fictitious geometry, it may be natural for it to be dynamical. In fact the de Rham-Gabadadze-Tolley (dRGT) massive gravity theory has been generalized to such a bigravity theory, which is still ghost-free. It contains a massless spin-2 particle and a massive spin-2 particle [7] .
A phenomenological motivation to consider such theories relates to the discovery of dark energy and dark matter. The cosmological parameters are now determined very precisely [8] . Although standard big-bang cosmology explains many observed data, those observations reveal new unsolved mysteries in cosmology, i.e., dark energy and dark matter. Dark energy, which is the origin of the current accelerated expansion of the Universe, is one of the most mysterious problems in modern cosmology [9] . The acceleration might be due to some unknown matter with a strange equation of state, or might be due to a modification of GR. As for the ghost-free massive gravity or bigravity theory without dark energy, many studies addressed the possibility to explain cosmic acceleration by the "mass" term [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
In contrast to the massive gravity theory, bigravity theories also have a possibility to explain the origin of dark matter [24] . It is because there are two types of matter field in a bigravity theory. If a matter field interact with both metrics [22, 32, 33] , it will violate the equivalence principle, which must hold in very high accuracy [3, 34] . Hence we have to discuss two different matter fields, which are decoupled each other and interact only through two metric interactions. We then call them twin matter fields [35] .
In the previous paper [23] , we found that both dark matter and dark energy components in Friedmann equation can be obtained by modification of gravitational theory in the ghost-free bigravity theory . However, dark matter is required not only in the big bang scenario but also in the cosmological structure formation and as dark matter halos existing around galaxies. This paper will show a possibility to explain the origin of dark matter in such situations.
The bigravity theory includes GR with/without a cosmological constant as a special case. If both metric are proportional, which we call a homothetic solution, the basic equations are reduced to two sets of the Einstein equations with cosmological constants, which originate from the interaction terms of two metrics [36] . Although two matters must satisfy a fine tuned condition in a homothetic solution, such a solution is an attractor and is obtained asymptotically from more generic initial conditions [23] .
The linear perturbations around a homothetic solution are decomposed into two eigenstates: the massless and massive graviton modes. Note that these are the mass eigenstates, whereas they are mixed up in the physical frame described by two metrics. That is, the massless and massive modes couple to both twin matter fluids.
As a result, the perturbations of our spacetime are described by the linear combinations of the massless and massive modes. Our spacetime is affected by another one of twin matter fluids via the massless and massive graviton modes, and then there is a possibility such that dark matter component is originated by another twin matter. The purpose of this paper is to investigate such a possibility. Since dark matter is required in many situations, we shall discuss three typical evidences of dark matter: the content of the Universe, a galactic halo and the cosmic structure formation.
The paper is organized as follows. Introducing the ghost-free bigravity, we summarize the basic equations and present a homothetic solution in §II. In §III, we then perform the perturbations around a homothetic solution. We show that dark matter can be obtained from another one of twin matter fluids from a galactic scale to a cosmological scale in §IV. Assuming the Compton wavelength of the massive graviton is shorter than a galactic scale, another twin matter can play a role of dark matter in our world for all scales. We summarize our results and give some remarks in §V. In Appendix A, we evaluate the values of the graviton mass and a cosmological constant for given coupling parameters. We also present the basic equations for the gauge invariant perturbations in a homothetic background solution.
II. BIGRAVITY THEORY

A. Hassan-Rosen bigravity model
In the present papers, we focus on the ghost-free bigravity theory proposed by Hassan and Rosen, which action is given by
where g µν and f µν are two dynamical metrics, and R(g) and R(f ) are those Ricci scalars, respectively. κ 2 g = 8πG and κ 2 f = 8πG are the corresponding gravitational constants, while κ is defined by
f . We assume that the matter action S (m) is divided into two parts:
i.e., matter fields ψ g and ψ f are coupled only to the gmetric and to the f -metric, respectively. This restriction guarantees the weak equivalence principle. We call the g-matter ψ g and the f -matter ψ f twin matter fluids. The ghost-free interaction term between two metrics is given by
where b k are coupling constants, while γ µ ν is defined by
In order to take the square root to obtain the explicit form of γ µ ν , we shall introduce the tetrad systems, {e
µ }, which are defined by 6) with an additional constraint e
. This constraint guarantees that the tetrad description is equivalent to the metric description.
We then find
where ǫ = ±1 comes from the square root. As for the directions of tetrads, we choose that e 8) for which the interaction term is invariant by changing the sign of the coupling constants as
Taking the variation of the action with respect to g µν and f µν , we find two sets of the Einstein equations:
where G µ ν and G µ ν are the Einstein tensors for g µν and f µν , respectively. The matter energy-momentum tensors are given by
(2.12)
Since two metrics are proportional, we have the constraints on the cosmological constants and matter fields as
The quartic equation (2.21) for K has at most four real roots, which give four different cosmological constants. The basic equations (2.19) (or (2.20) ) are just the Einstein equations in GR with a cosmological constant. Hence any solutions in GR with a cosmological constant are always the solutions in the present bigravity theory. We shall call these solutions homothetic solutions because of the proportionality of two metrics.
III. LINEARIZATION OF THE BIGRAVITY THEORY
A. The perturbations around a homothetic solution
The bigravity theory contains both massless and massive spin-2 particles. It becomes clear when we discuss the linear perturbations around a homothetic solution. Note that a homothetic solution is an attractor in a cosmological setting [23] .
The unperturbed solution is assumed to be homothetic, i.e., (0) g µν and
which is the solution of two Einstein equations:
A constant K is determined by the quartic equation (2.21) , and the matter energy-momenta satisfy the following condition:
We then consider the following perturbations:
where |h
The suffixes of h
µν as well as h [f ] µν are raised and lowered by the background metric
Here we have introduced new variables h
[−]
µν and h
µν from two metric perturbations as
The first order perturbation equations are then given by
where (1) R µν denotes the linearized Ricci tensor, which is defined for a metric perturbation h µν by
µν describe massless and massive modes, respectively, and m eff denotes a graviton mass of the massive mode in the homothetic background spacetime.
The Bianchi identity (
gives the conservation of γ-"energy-momentum" tensor, i.e.,
which perturbation gives the constraint on the massive mode h
αβ :
Since m 2 g = 0, we find
From another conservation equation
Taking a trace of Eq. (3.16) and using Eq. (3.21), we find
Eqs. (3.21) and (3.22) give five constraint equations on h
αβ . There is no gauge freedom because h
αβ is a gauge invariant tensor. This is consistent with the fact that a massive graviton has five degrees of freedom.
Using these constraints, we rewrite the above pertur-bation equations as
µν , (3.23)
(1)
where we have used
Since two modes are decoupled, we shall analyze them separately, and then discuss the physical perturbations in the g-and f -worlds, which are represented as
Since the massive mode h
µν does not propagate beyond the scale of the Compton wavelength of a massive graviton, the spacetime perturbations are dominated by the massless mode h
µν in a large scale system beyond the Compton wavelength. The massless mode couples to both twin matter fluids. As a result, there exists a possibility that the f -matter fluid behaves like a dark matter component in g-world via a massless graviton mode, which we will discuss in what follows.
IV. THE ORIGIN OF DARK MATTER
In this section, we will analyze whether the f -matter field can be dark matter in our g-world. We believe from observation that the evidence of dark matter appears in three situations; (A) dark matter in the Friedmann equation, (B) a dark halo at a galaxy scale, and (C) CDM in cosmic structure formation. So we discuss them in order.
A. Cosmic pie
First we discuss the pie chart of the content of the Universe. The amount of dark matter is about 5 times as large as the baryonic matter. Since we discussed the details of dynamics of the FLRW spacetime and possibility to explain the dark matter component by the f -matter fluid in [23] , we give a brief overview here.
In order to explain the cosmic pie, we consider the homogeneous and isotropic spacetime, which metrics are given by
where N g and N f are lapse function, while a g and a f are scale factors for g µν and f µν , respectively. Using the gauge freedom, we can set N g = 1 without loss of generality.
For generic initial data, the ratios N f /N g and a f /a g can approach to the same constant K given by (2.21), as the universe expands, i.e., the homothetic solution is an attractor in the present system. The dynamical time scale is about m −1 eff . As a result, near the attractor, i.e., near the present stage of the universe, the evolution of the universe is described by the effective Freidmann equation
where
and ρ g and ρ f are energy densities of g-and f -matter, respectively [23] . H g =ȧ g /a g is the Hubble parameter where a dot denotes the derivative with respect to t. κ 2 eff is the effective gravitational constant, and ρ D is regarded as the energy density of a dark component in the g-world, i.e., another one of twin matter fluids works as dark matter through the interaction term between two metrics. If both matter components are dominated by nonrelativistic matter;
the density of dark component is approximated by
Hence if 3m 2 f > 2Λ g , ρ D behaves as a dark matter component in the g-world. If ρ g consists just of baryonic matter, in order to explain the observed amount of dark matter, we have to require
With an appropriate choice of the coupling parameters, we find the above value, which may explain dark matter by the f -matter fluid.
B. Dark matter halo
Next we discuss how to explain a dark matter halo around a galaxy by another one of twin matter fluids. The existence of dark matter halo is confirmed by observations such as a flat rotation curve of a galaxy [37] .
Since we analyze a galactic scale, the background spacetime is well approximated by the Minkowski metric
g µν ≃ η µν ) ignoring the effect of a cosmological constant Λ g . The gravitational phenomena can be analyzed by the linear perturbations around the Minkowski spacetime. The equations of the massive mode is given by
Substituting third equation into first one, we obtain
To analyze the gravitational fields of a galaxy, we consider static Newtonian potentials Φ g and Φ f formed by non-relativistic mass densities ρ g and ρ f . From the 0-0 component of Eq. (4.10), we obtain the Poisson equation for the massive mode as
where ∆ = ∂ i ∂ i is the usual three-dimensional Laplacian operator and Φ − = −h [−] 00 /2 is the gravitational potential of the massive mode. The factor 4/3 comes from van Dam-Veltmann-Zakharov (vDVZ) discontinuity [38] . Note that the source term is described by the difference of two mass densities, and then it can be negative.
For the massless mode, we obtain the ordinary form of the Poisson equation:
00 /2 is the gravitational potential of the massless mode. This source term is positive definite.
We find that both gravitational potential are affected by both g-and f -matter fluids. This is main difference from the Newtonian gravity theory. It may makes a possibility such that the f -matter can behave as dark matter in the g-worlds.
In a small scale such as the solar system, however, GR must be restored because GR has been well confirmed by the experiments and observations [3] . The restoration can be realized via the so-called Vainshtein mechanism [39] . In this range (below the Vainshtein radius), the linear perturbation approach is broken down, and then non-linear effects must be taken into account. However, when GR is restored from the bigravity theory, the effect on the g-world from the f -matter fluid must be screened [40] . 14) where the gravitational masses are defined by
From (3.26), the Newtonian potentials in the g-and fworlds are described as
00 /2. Let us consider the Newtonian potential in the g-world.
Below the Compton wavelength of the massive graviton (r < m −1 eff ), the potential becomes
Note that the second term is positive definite. It means that the f -matter acts as a repulsive force in the g-world.
It comes from the factor 4/3 in (4.16). To explain dark matter, of course, the gravitational force must be attractive. Therefore, the f -matter cannot behaves as dark matter when the size of the localized system is smaller than the Compton wavelength. The origin of this repulsive force is the massive mode, which cannot propagate in the large system such that m eff r ≫ 1. In fact, beyond the Compton wavelength (r > m −1 eff ), the potential is approximated by
is the local effective gravitational constant. This potential is formed by the f -matter as well as the g-matter.
Hence, it is possible to explain dark matter by another one of twin matter fluids. Inside the Vainshtein radius, the gravitational constant is restored to the Newtonian gravitational constant [40] . Since the difference between the effective gravitational constant at a galactic scale and the Newtonian one should not be so large [3] , we find a constraint such that
Now we check whether the rotation curve becomes flat at a galaxy scale or not. For simplicity, we assume a spherically symmetric matter distribution as
We show the resulting rotation curves for several values of m eff in Fig. 1 . The rotation velocity V is evaluated as V 2 = rdΦ g /dr. We find a flat rotation curve if m from the experimental constraint on the graviton mass [2, 3] . We then conclude that the f -matter behaves as dark matter in the g-world if the Compton wave length of the massive graviton is less than a galaxy scale such as m 2 ) −1 , where we set r gal = r halo = 3 kpc and ρg(0) = ρ f (0). The effective gravitational constant is G eff /G = 0.961538 (mg/m f = 0.2). The black dotted curve is the rotation curve without f -matter.
10, the rotational velocity with the f -matter (the green curve) is smaller than that without the f -matter (the black dotted curve), which is the evidence that the fmatter acts as a repulsive force.
In order to justify the above analysis, we have to evaluate the Vainshtein radius below which the linear approximation is broken. Performing the same method as [40] , we find the linear perturbation analysis for a spherically symmetric system is valid only when
Here we have ignored a cosmological constant. The mass of galaxy is dominated by the dark matter component, and we have the constraint (4.21), we find K 2 GM f ≫ GM g , where M g and M f are total masses of the g-and f -matter fluids, respectively. Hence the right hand side is bounded from the above as
As a result, we conclude that the linear perturbation analysis is valid for
From Eq. (4.19), we find the effective mass of a galaxy in the g-world is 
C. Cosmic structure formation
Finally, we discuss the evolution of cosmological density perturbations based on the linear perturbation theory [41] . For simplicity, we assume that the background flat FLRW spacetimes are given by the homothetic solutions. We shortly summarize the perturbation equations in Appendix B.
Numerical solutions
Since we are interested in formation of galaxies, we discuss only sub-horizon scale perturbations, a/k ≪ H −1 . In this subsection, we first analyze the linear perturbation equations numerically. We assume that the matter component is dominated by non-relativistic matter (w = 0). Since there is another scale of length, i.e., the Compton wave length of the massive graviton m −1 eff , we can classify those three scales into three possibilities:
Assuming the initial data at the decoupling time is given in each case, we solve the perturbation equations (B25)-(B30) numerically. We show the results in Fig. 2 , where we have chosen the initial data as (a) a in /k = 10 −4 × m eff . We show two variables; one metric component β (L) and the density perturbation δ − . In the calculation, we have ignored the terms with the sound speed because we consider the perturbations larger than the Jeans length, i.e. eff > H −1 (the case (a)), the perturbative approach is no longer valid. Note that it was shown that in the bigravity theory there exists a gradient instability against linear cosmological perturbations in the massless limit [42] [43] [44] . The non-linear effect must be taken into account.
When m eff . We find that the metric variables {α − , β
− } are divided into two parts; the monotonically growing part and the oscillating part. The former part changes in the Hubble expansion time H −1 , while the latter part with the high frequency (k/a) 2 + m 2 eff is always decaying. The metric component β
has no former part, and then eventually vanishes as shown in In Fig. 2 . On the other hand, the matter perturbations {δ − , v
− } grow slowly in the Hubble time scale H −1 without oscillation. As a result, all variables asymptotically approach monotonic functions increasing in the Hubble time scale H −1 . There seems to exist an asymptotic solution which changes monotonically in the Hubble time scale H −1 . We then assume that the perturbation variables change in the Hubble time scale H −1 , i.e., |Ẋ − | ∼ |HX − |, which provides the above asymptotic solution. We call such an approach an adiabatic potential approximation [45] , since we ignore the oscillation parts of metric which correspond to the scalar gravitational waves.
Adiabatic potential approximation
Under the adiabatic potential approximation, we look for a solution for sub-horizon scale perturbations. From the perturbation equations for the massive mode, (B25), (B29) and (B30), we find
Substituting (B31) into (4.31), we obtain
where we have ignored a cosmological constant compared with the graviton mass term, because we are interested in the case with a rather large value of m eff . This equation is interpreted as the massive Poisson equation. The factor 4/3 comes from the vDVZ discontinuity. Using Eq.
(4.33) and ignoring the sound velocity term, the equation for the density perturbation δ − is described as
As we showed numerically, the solution of this equation is found as an attractor for generic initial data if m −1 eff < H −1 is satisfied initially. However, the condition m −1
eff < H −1 is not always true. In fact, when we go back to the past, since H −1 ∼ t, then the condition is broken in the past epoch.
When we start from the epoch of m −1
eff > H −1 , which corresponds to the case (a), the linear perturbation is unstable, and then non-linear effect must be taken into account. We can see this fact from the constraint equation. For the small scale such that a/k ≪ m for the ordinary matter is negative definite and its magnitude decreases in time. Hence the coefficient of the left hand side of (4.35) eventually vanishes when we go back to the past, while the right hand side does not usually vanish simultaneously. It indicates that the linear perturbation approximation is broken at the time when the coefficient of the left hand side vanishes because h (L) − must diverge. In this epoch, to answer for the question whether there still exists an adiabatic potential solution as an attractor, we have to analyze the full dynamical equations with inhomogeneities, which is quite difficult without heavy numerical simulation. However, there is some hope from Eq. (4.35), which shows a possibility such that the density perturbation is still small enough to be treated as linear perturbation even when the metric perturbations become nonlinear. In a spherically symmetric case, we find an adiabatic potential solution with nonlinear metric perturbations but with linear matter perturbations [46] . In this solution, we claim that the Vainshtein mechanism is working even in a cosmological context, and the solution can be described by GR.
Hence we may conceive the following scenario, although the present analysis is based on the perturbations around a homothetic solution and an extended analysis with more generic background such as that in [43] will be required. In the early stage of the universe, because of the Vainshtein mechanism, gravity is described by GR and then the standard big bang scenario is found. However the Universe eventually evolves into the bigravity phase at
eff as shown in Fig. 3 . When the universe reaches the decoupling time, we find the case (b) or (c) for the perturbations, in which the adiabatic potential approximation becomes valid as an attractor. Hence we analyze whether the f -matter can be dark matter in the cosmic structure formation, using the above adiabatic potential approximation.
Growth history of density perturbation
The evolution equation of density perturbation for the massless mode in a sub-horizon scale is given from Eq. (B24) asδ
where we have ignored a cosmological constant and the term with a sound velocity as before. From Eqs. (4.34) and (4.36), we obtain the equations for the physical density perturbations (δ g and δ f ) as
39) 40) and
42) eff . Therefore, the f -matter perturbation behaves as the dark matter component in the g-world as §. IV A and §. IV B.
Inside the Compton wavelength, the f -matter acts as a repulsive force as shown in §. IV B. In the present case, it can be seen explicitly from the relation
eff . It indicates that the g-matter accumulates in a low-density region of the f -matter.
We show the numerical result of the evolution of density perturbations for two different scales [k −1 = 10Mpc and 100kpc at the present (a = 1)] in Fig. 4 . We assume δ g = 10 −5 and δ f = 10 −1 at the decoupling time (a = 10 −3 ). For the large scale perturbation, its scale is always larger than the Compton wavelength after the decoupling time. Hence the f -matter plays the role of dark matter in the g-world and helps small baryon perturbation δ g to grow rapidly as shown in Fig. 4 (a) . The evolution of δ g is similar to the growth of density perturbations with CDM in GR.
On the other hand, for the small scale perturbation, its scale is shorter than the Compton wavelength at the decoupling time. During the period of a/k < m −1 eff , the fmatter acts as a repulsive source in the g-world. Then the evolution of δ g is quite different due to the appearance of a repulsive force by the f -matter perturbations as shown in Fig. 4 (b) . δ g changes its sign and then decreases to a negative value in the early stage. But the perturbation scale eventually exceeds m eff , when δ D changes its sign. After then, the f -matter begins to act as dark matter. As shown in Fig. 4 (b) , δ g changes its sign again to be positive. δ g then grow into a nonlinear regime via large density perturbations of the f -matter fluid.
We set m g /m f = 0.2, which satisfies the constraint (4.21). From Eq. (B19), we find that the perturbations of the g-variables are dominated by the massless mode, while those of the f -variables have a significant influence by the massive mode. Since the massive mode can grow only when a/k ≪ m −1 eff , δ f grows first and then δ g follows as shown in Fig. 4 (b) . On the other hand, as shown in Fig. 4 (a) , δ f cannot grow at first because the massive mode cannot grow for a/k ≫ m −1 eff . δ f starts to grow after the perturbation of the massless mode catches up to that of the massive mode. δ g grows rapidly by the increase of the massless mode even when δ f does not grow.
We conclude that the cosmic structure formation can also be explained by another one of twin matter fluids.
V. CONCLUDING REMARKS
We have studied a possibility to explain a dark matter component by another one of twin matter fluids in the ghost free bigravity theory. We have analyze from a galactic scale to a cosmological scale. If we assume the Compton wavelength of the massive graviton is shorter than a galactic scale, i.e., a graviton mass is rather heavy (m eff ∼ 10 −27 eV), we find a dark matter component can be explained by another twin matter for all scales. For such a model, our matter field consists just of baryons. The origin of dark matter field is another matter field which couples only to another metric. For such a model, at first glance, it seems that the cosmic acceleration cannot be explained by the interaction term, because the expected cosmological constant is also large. As shown in Appendix A (see Table I ), however, we can find a large graviton mass and a small cosmological constant although we need a fine-tuning of the coupling parameters. For such fine-tuned coupling parameters, the ghost-free bigravity theory could explain dark matter as well as dark energy.
Our analysis is valid only for the late stage of the Universe, because the background space is assumed to be homothetic. In order to find a whole history of the Universe, we have to analyze more generic background spacetime with perturbations. We also have to show that the Vainshtein mechanism does really work in the early stage of the Universe as we conceived. Those are in progress.
Our result shows the graviton mass is phenomenologically significant. The bigravity theory can explain only dark energy for m −1 eff ∼ Gpc, while if m −1 eff kpc it could explain dark matter (as well as dark energy). Therefore, an important remaining question is how large graviton mass is possible from the theoretical and observational points of view. From the theoretical point of view, we should start from more fundamental theory in which a bigravity theory is reduced as a low-energy effective theory [47] [48] [49] . We hope that the hierarchy between the graviton mass and an effective cosmological constant to explain both dark sectors will be solved in such a fundamental theory. From the observational point of view, the evidence of a graviton mass could be detected by gravitational waves [3, 50] . Furthermore, comparing some bigravity phenomena with the observational data in a galactic scale as well as in a cosmological scale, we may find the constraint of the graviton mass (e.g. gravitational lensing by galaxies [51] ). In order to clarify whether the graviton really has a mass and give a constraint on its value, further studies are required. . We show some examples in Table I . The ratios of the cosmological constant to the graviton mass square. We assume c3 = −1. As a result, although the graviton mass square and the cosmological constant are ordinarily the same as m 2 eff ∼ Λ g , it is possible to find a much heavier graviton mass compared with the observed cosmological constant.
